Exchange-correlation functionals with corrections for van der Waals interactions (PBE-D2, PBE-D3, PBE-D3(BJ), PBE-TS, optPBE-vdW and vdW-DF2) are tested for graphene and hexagonal boron nitride, both in the form of bulk and bilayer. The characteristics of the potential energy surface, such as the barrier to relative sliding of the layers and magnitude of corrugation, and physically measurable properties associated with relative in-plane and out-of-plane motion of the layers including the shear modulus and modulus for axial compression, shear mode frequency and frequency of out-of-plane vibrations are considered. The PBE-D3(BJ) functional gives the best results for the stackings of hexagonal boron nitride and graphite that are known to be ground-state from the experimental studies. However, it fails to describe the order of metastable states of boron nitride in energy. The PBE-D3 and vdW-DF2 functionals, which reproduce this order correctly, are identified as the optimal choice for general studies. The vdW-DF2 functional is preferred for evaluation of the modulus for axial compression and frequency of out-of-plane vibrations, while the PBE-D3 functional is somewhat more accurate in calculations of the shear modulus and shear mode frequency. The best description of the latter properties, however, is achieved also using the vdW-DF2 functional combined with consideration of the experimental interlayer distance. In the specific case of graphene, the PBE-D2 functional works very well and can be further improved by adjustment of the parameters.
Introduction
A number of physical phenomena in two-dimensional bilayers, such as graphene and hexagonal boron nitride, originate from relative displacement of the layers. Relative rotation of the layers gives rise to Moiré patterns [1] [2] [3] , while static translational displacement is manifested through dislocations in stacking of the layers [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . Dynamic phenomena based on relative motion of the layers include atomic-scale slip-stick motion of a flake attached to a STM tip [14] [15] [16] , rotation-assisted diffusion and drift of a flake [17, 18] and self-retracting motion of the layers at their telescopic extension [19, 20] . Based on the link between the relative position of the layers and their electronic properties [21] [22] [23] various types of nanosensors [23] [24] [25] [26] [27] can be elaborated. Quantitative description of all of these phenomena and devices depends on the characteristics of the potential surface energy of interlayer interaction, i.e. the dependence of interlayer interaction energy on relative in-plane position of the layers.
Direct investigations of the potential energy surface of layered materials are not accessible to modern experimental methods. Nevetheless, there are a number of physical quantities related to interlayer interaction that have been measured experimentally and thus provide some insight into characteristics of the potential energy surface. These quantities include among others shear modulus [28] [29] [30] [31] [32] and modulus for axial compression [28, 29, [33] [34] [35] [36] , shear mode frequency (E 2g mode with adjacent layers sliding rigidly in the opposite in-plane directions) [29, 32, 37-39, 39, 40] , frequency of relative out-of-plane vibrations (B 1g ZO mode with adjacent layers sliding rigidly towards and away from each other) [29, 36-38, 41, 42] and width of dislocations in stacking [4, 7, 8] .
Along with these experimental investigations of the properties related to interlayer interaction, significant advances have been achieved in their theoretical description. Semi-empirical potentials for interaction of various twodimensional layers have been developed, including among others the potentials for graphene [43, 44] , boron nitride [45] and graphene-boron nitride heterostructure [46] . The registry index surface was introduced to analyze qualitative features of the potential surface of interlayer interaction energy in hexagonal boron nitride bilayer [47] and graphene-boron nitride heterostructure [46, 48, 49] . Simple approximations of the potential energy surfaces at a given interlayer distance containing only the first components of Fourier expansions were proposed on the basis of symmetry considerations for bilayer graphene [44, [50] [51] [52] [53] , boron nitride [53, 54] and graphene-boron nitride heterostructure [53] . These expressions were also extended to take into account the dependence of corrugations of the potential energy surface on the interlayer distance [53, 55] .
The approximations of the potential energy surface using the first Fourier components include only one energy parameter for graphene [44, [50] [51] [52] and boron nitride with the layers aligned in the same direction [54] and two energy parameters for boron nitride with the layers aligned in the opposite directions [54] . This implies that all physical properties characterising the potential energy surface at a given interlayer distance are interrelated. In this way the barrier to relative motion of the layers in graphene bilayer was estimated using the experimental data on the shear mode frequency [51] and width of dislocations in stacking [4] . In spite of success of such semi-empirical developments, it should, nevetheless, be kept in mind that they all have been derived or tested on the basis of first-principles calculations and rely on their accuracy.
The interaction of two-dimensional layers in materials, such as graphene and hexagonal boron nitride, is, however, of long-range van der Waals (vdW) nature and this leads to breakdown of otherwise accurate density functional theory (DFT) methods. Several ways to include description of long-range vdW interactions have been considered. The most straightforward one is just to add the corresponding semi-empirical term [56] [57] [58] [59] . Attempts to include the vdW interactions on the fully first-principles footing have been also made through the density-density interaction term describing nonlocal correlations within the long-range correlation function [60] [61] [62] .
In the present paper we address the accuracy of these DFT methods for graphene and hexagonal boron nitride by comparison of the calculation results with the experimentally measurable quantities. The performance of different DFT methods for description of vdW interlayer interactions has been already addressed in papers [53, 55, 63, 64] . However, paper [63] was limited to consideration of the properties of graphite related only to changes in the interlayer distance but not to in-plane displacement of the layers. In paper [53] , the performance of only two DFT methods, DFT-D2 and vdW-DF2, was compared to the random phase approximation (RPA) data. In papers [55, 64] , the authors studied only the characteristics of the potential energy surfaces of hexagonal boron nitride [64] and graphene [55] without relation to any directly measurable quantities. In the present paper, we pay attention both to the properties characterizing out-of-plane motion of the layers, such as the frequency of relative out-of-plane vibrations and modulus for axial compression, which are relevant in systems under external load, as well as the properties associated with in-plane displacement of the layers, such as the shear modulus and shear mode frequency, which are important for lubricity and development of nanoelectromechanical devices based on relative sliding of the layers. Furthermore, the performance of the same exchange-correlation functionals with account of vdW interactions is correlated for two key materials in nanotechnology, graphene and hexagonal boron nitride. The comparison with the ab initio methods that adequately describe vdW interactions, such as RPA [53, 65] , local second-order Møller-Plesset perturbation theory (LMP2) [64] and quantum Monte Carlo (QMC) [66, 67] , is made along with the reference to the experimental data. The paper is organized as follows. In section 2 the calculation parameters and considered methods for description of vdW interactions are described. In section 3 the results of calculations for graphene and hexagonal boron nitride are presented and the accuracy of the vdW-corrected exchange-correlation functionals is discussed. Finally the conclusions are summarized.
Methodology
The DFT calculations have been performed using VASP code [68] for the maximum kinetic energy of 600 eV. The projector augmented-wave method [69] is used to describe the interaction of valence electrons. The convergence threshold of the self-consistent field is 10 −8 eV. The rectangular unit cell including 4 atoms in each layer is considered under periodic boundary conditions. The height of the simulation cell is 20 Å for bilayers and is equal to the doubled interlayer distance for bulk materials. The MonkhorstPack method [70] is used to perform the integration over the Brillouin zone. The k-point grid is 24 × 36 × 1 for bilayers and 24 × 36 × 18 for bulk (here and below axes x and y are chosen in the armchair and zigzag directions, respectively). Convergence studies carried out previously for graphene bilayer and graphite [44] showed that these parameters allow to converge the properties of the potential energy surface within the accuracy of 2%.
The bond length has been optimized for single-layer graphene and boron nitride using the exchange-correlation functional of Perdew, Burke and Ernzerhof (PBE) [71] without inclusion of vdW interactions. The corresponding value for graphene is l = 1.425 Å, close to the experimental data for graphite [28, 40, [72] [73] [74] [75] [76] [77] and the results of previous calculations [43, 44, 50, 55, 60, 78] . For boron nitride, the optimized bond length is l = 1.451 Å, in agreement with the experimental data for bulk boron nitride [79] [80] [81] [82] [83] [84] [85] [86] [87] and the results of first-principles calculations [64, [88] [89] [90] [91] [92] [93] [94] [95] [96] [97] [98] [99] . The effect of interlayer interaction on the structure of the layers is neglected [64] .
The following approaches for description of vdW interactions within DFT are considered: DFT-D2 [56] , DFT-D3 [57] , DFT-D3(BJ) [58] , DFT-TS [59] , optPBE-vdW [62] and vdW-DF2 [61] .
In the DFT-D approach [56] [57] [58] , the total energy E DFT −D is calculated as the sum of the standard Kohn-Sham energy E KS −DFT and the semi-empirical dispersion correction E disp , so that E DFT −D = E KS −DFT +E disp . The general form of the dispersion term is
where C AB n is the n-th order dispersion coefficient for the pair of atoms A and B, R AB is their internuclear distance, s n is the global scaling factor depending on the exchangecorrelation functional used and f dmp,n is the damping function serving to avoid singularities at small R AB and doublecounting effects of electron correlation at intermediate distances.
In the DFT-D2 method [56] , only n = 6 terms are included. The damping function f dmp,6 has the form of
where R AB 0 is the sum of atomic vdW radii and d = 20. The C A 6 coefficients for different atoms A are derived on the basis of atomic polarization potentials and static dipole polarizabilities from the PBE0 calculations [100] . The geometric mean rule is applied to estimate C AB 6 coefficients for pairs of distinct elements C AB 6 = C A 6 C B
6
. The scaling factor s 6 = 0.75 is used for the PBE functional.
In the DFT-D3 approach [57] , n = 6 and n = 8 terms are considered. The damping function f dmp,n has the form of
where s r,6 is the scaling factor of the cutoff radius R AB 
modified to use polarizabilities α M of simple molecules M = A m H p , B k H l and H 2 with well-defined electronic structure. In this way, the use of free-atom polarizabilities, which can be strongly influenced by energetically low-lying atomic states, is avoided and the dispersion coefficients dependent on the coordination number of the atoms are introduced. The C AB 8 coefficients are computed from C AB 6 coefficients on the basis of the power series expansion of dispersion forces (see Ref. [57] and references therein).
In the DFT-D3(BJ) approach [58] , the Becke-Jonson (BJ) damping is used
where a 1 and a 2 are adjustable parameters. Furthermore, in this method R AB 0 = C AB 8 /C AB 6 . The Tkatchenko-Scheffler DFT-TS approach [59] is based on the same formal expressions as DFT-D2. However, in this case the dispersion coefficients and damping function depend on the charge density to take into account the effects of local chemical environment of atoms. The dispersion coefficient C A,free 6 and vdW radius R A,free 0 of free atom A are scaled for atoms in molecules as
and
, where the ratio V A eff /V A free between the effective and free atomic volumes is determined from the Hirshfeld partitioning of the all-electron density. The dispersion coefficients for pairs of atoms are found as
where α A 0 and α B 0 are the static polarizabilities. Due to the poor performance of the DFT-TS approach for ionic solids in the case of boron nitride we also consider the extension of this method DFT-TS/HI [102, 103] using iterative Hirshfeld partitioning on the basis of the scheme proposed by Bultinck [104] . In this iterative Hirshfeld algorithm, the neutral reference atoms are replaced by ions with fractional charges determined along with effective atomic volumes at each iteration step. For boron nitride, we also test the DFT-TS+SCS approach [105] in which screening of the electrostatic interaction between dipoles by the polarizable surrounding is taken into account. Since we do not observe significant improvement in description of properties of boron nitride when using the DFT-TS/HI and DFT-TS+SCS methods compared to DFT-TS (see section 3), only the DFT-TS approach is considered for graphene bilayer and graphite.
The optPBE-vdW [62] and vdW-DF2 [61] approaches are based on the vdW-DF non-local correlation functional [60] in which vdW interactions are taken into account through the density-density interaction term. In the optPBEvdW functional, the exchange part is optimized for the vdW-DF correlation part on the basis of the S22 benchmark set of weakly interacting dimers and for water clusters [62] . In the vdW-DF2 functional [61] , the use of the more accurate exchange functional is supplemented by application of the large-N asymptote gradient correction in the vdW kernel. An overview of the performance of these approaches for solids in VASP can be found in [106] .
Results
To compare performance of different methods for description of vdW interactions in graphene and hexagonal boron nitride we have carried out calculations for a series of properties related to out-of-plane and in-plane displacements of the layers (Tables 1 -6 ). The basic properties associated with relative position of the layers are the equilibrium interlayer distance d eq and binding energy. The out-of-plane motion of the layers is characterized by the frequency f B of out-of-plane vibrations of the layers and modulus C 33 for axial compression. As the experimentally measurable properties related to in-plane motion we consider the frequency f E of in-plane vibrations and shear modulus C 44 . We also calculate relative energies of symmetric stackings of the layers at a given interlayer distance. Though such energies cannot be easily measured, there is the experimental evidence for the ground-state and metastable stackings and some indirect estimates are available.
Interlayer distance and binding energy
The interlayer distance is known with high precision for bulk materials [28, 40, 73, 76, 77, 79, 80, 84-87, 117, 118] (Tables 2 and 6 ). Since the energy calculations are performed at zero temperature, we consider as the reference for graphite the value of 3.336 Å corresponding to 4.2 K [73] and for boron nitride the value of 3.301 Å corresponding to 10 K [84] . It should be noted, however, that increasing the temperature up to the room one does not lead to drastic changes in the interlayer distance and it grows only up to 3.36 Å for graphite [28, 40, 76, 77] and to 3.33 Å for boron nitride [79, 80, 84-87, 117, 118] .
Very close to the room-temperature interlayer distance in graphite is the value of 3.35 Å obtained for bilayer and trilayer graphene on copper [5] (Table 1) . Somewhat larger interlayer distances of 3.37-3.49 Å were measured for few-layer graphene on silicon carbide [107, 108] and nickel [109] . These increased values can be explained by strong interaction of the corresponding substrates with graphene. To avoid consideration of such effects we use as the reference value for graphene bilayer the result from paper [5] . The interlayer distances of 3.25 ± 0.10 Å [115] and ∼ 3.5 Å [88, 116] measured for 10-20 layers of boron nitride are on the order of those for bulk. However, the low accuracy of these data makes impossible their consideration as reference values.
All the considered exchange-correlation functionals with account of vdW interactions give the equilibrium interlayer distances for graphene bilayer, graphite and bulk boron nitride within the relative deviation of 7% from the reference values (Tables 1, 2 and 6). Though this deviation is rather small, as discussed later, it is critical for prediction of properties of graphene and boron nitride layers associated with their relative motion.
The experimental data on the binding energy in graphene-like materials are rather diverse, ranging from −31 meV/atom to −52 meV/atom [111] [112] [113] [114] (note that all energies for bilayers in the present paper are given in meV per atom in the upper (adsorbed) layer). The QMC [66, 67] and RPA approaches [65] gave similar results in the range from −36 meV/atom to −52 meV/atom [65] [66] [67] (except for the recent RPA value of −91 meV/atom [53] ). Therefore, as the reference value in the case we take the average of the experimental values. However, it should be kept in mind that the real binding energy lies within 40% interval around this value. The considered functionals with account of vdW interactions give the binding en- Table 1 : Properties of graphene bilayer (equilibrium interlayer distance d eq , binding energy in the AB stacking E AB , magnitude of corrugation of the potential energy surface ∆E AA = E AA − E AB , barrier to relative sliding of the layers ∆E SP = E SP − E AB , shear modulus C 44 , modulus for axial compression C 33 , frequencies of relative in-plane and out-of-plane vibrations f E and f B , respectively) calculated using different functionals. The data for the experimental interlayer distance d exp = 3.34 Å are also given.
Ref. Exp. 2-3 layers/Cu 3.35 [5] Exp. 4 layers/SiC 3.37 -3.46 ± 0.25 [107] Exp. 9 layers/SiC 3.370 ± 0.005 [108] Exp. ≤44 layers/Ni 3.478 -3.490 [109] Exp. ≤12 layers/SiO 2 /Si ∼ 3.7 [110] Exp.
Exp. 32 [32] Exp. 80 ± 2 [41] Exp. 81 [42] Reference values 3.35 30 80.5 Table 2 : Properties of graphite (equilibrium interlayer distance d eq , binding energy in the AB stacking E AB , magnitude of corrugation of the potential energy surface ∆E AA = E AA − E AB , barrier to relative sliding of the layers ∆E SP = E SP − E AB , shear modulus C 44 , modulus for axial compression C 33 , frequencies of relative in-plane and out-of-plane vibrations f E and f B , respectively) calculated using different functionals. The data for the experimental interlayer distance d exp = 3.34 Å are also given. Approach Exp. 10 K 3.3013 ± 0.0010 [84] Exp. 297.5 K 3.3265 ± 0.0010 [84] Exp. 308.7 K 3.3300 ± 0.0005 [79] Exp. 308.2 ± 0.5 K 3.3306 ± 0.0003 [80] Exp. ∼ 300 K 3.330 ± 0.004 [81] [82] [83] Exp. ∼ 300 K 3.341 ± 0.001 [87] Exp. ∼ 300 K 3.33 ± 0.02 [86] Exp. ∼ 300 K 3.329 7.7 ± 0.5 27.0 ± 0. ergies for graphene bilayer and graphite in the upper limit of the experimental range or even beyond it (Tables 1 and  2 ). To our knowledge no experimental data on the binding energy in boron nitride is available.
Potential energy surfaces
The characteristics of the potential energy surfaces are difficult to access from the experimental studies directly. Thus, we do not introduce in this case any reference values. However, the potential energy surfaces are important for understanding of the properties associated with relative motion of the layers. In the following we discuss principal features of the potential energy surfaces of graphene and hexagonal boron nitride and compare our results with the previous calculations.
In the case when boron nitride layers are aligned in the same direction the symmetry of the potential energy surface is the same as that of graphene ( Fig. 1a and b) [54] . There are two equivalent energy minima AB in which half of the atoms of the adsorbed layer are located on top of the atoms of the bottom layer and the other half is on top of the hexagon centers. The saddle-point stacking SP that corresponds to the barrier to relative sliding of the layers is obtained by shifting the layers relative to each other by half of the bond length along the line connecting two adjacent minima AB. The maxima on the potential energy surface correspond to the AA stacking in which all atoms of the adsorbed layer are on top of the atoms of the bottom layer.
The barriers for relative sliding of the layers in graphene bilayer and graphite ∆E SP = E SP − E AB calculated using different functionals range from 0.75 meV/atom to 2.35 meV/atom (Tables 1 and 2 ), in agreement with the previously reported values of 0.5 -2.1 meV/atom [43, 44, 50, 53, 55, 78] . The barriers obtained using the PBE-D2 and PBE-TS functionals are close to the estimates of the barrier from the experimental measurements of the shear mode frequency in bilayer, few-layer graphene and graphite of 1.7 meV/atom [51] and width of dislocations in few-layer graphene of 2.4 meV/atom [4] , respectively. The magnitude of corrugation of the potential energy surface ∆E AA = E AA − E AB varies from 7.3 meV/atom to 20.4 meV/atom according to different functionals, in agreement with the values of 6 -20 meV/atom obtained in previous DFT calculations [43, 44, 50, 53, 55, 78] , 8.8 meV/atom from the RPA calculations [53] and ∼ 12.4 meV/atom from the QMC calculations [66] (Tables 1 and 2 ).
The barriers ∆E SP for bilayer and bulk boron nitride with the layers aligned in the same direction are in general slightly larger than the results for graphene and graphite (Tables 1 and 2 ) and for most of the considered functionals range from 1.1 meV/atom to 2.0 meV/atom (Tables 3 and  5 ). The only exception is the PBE-D2 functional that gives too large barriers of 3.6 meV/atom and 4.2 meV/atom for bilayer and bulk boron nitride, respectively. As discussed below, this is the consequence of the small equilibrium interlayer distance for this functional. The LMP2 value of ∼ 2.4 meV/atom [64] and RPA value of 2.1 meV/atom [53] are below the PBE-D2 result but higher than the results obtained other considered functionals (Fig. 2) . The calculated magnitudes of corrugation of the potential energy surface ∆E AA are 11 -20 meV/atom for most of the functionals and 35 -40 meV/atom for PBE-D2 (Tables 3 and 5). These values agree with the previously reported DFT data for boron nitride of 7 -60 meV/atom [53, 64, 93, 97] as well as the LMP2 [64] (Fig. 2) and RPA [53] results of about 20 meV/atom and 11.4 meV/atom, respectively.
In the case of boron nitride with the layers aligned in the opposite directions, the potential energy surface has two inequivalent energy minima ( Fig. 1c and d) . The first energy minimum corresponds to the AA' stacking with all atoms of the adsorbed layer in the on-top position. The second energy minimum corresponds to the AB1' stacking in which the boron atoms of the adsorbed layer are on top of the boron atoms of the bottom layer and the nitrogen atoms are on top of the hexagon centers. The AB2' stacking with the nitrogen atoms in the on-top position and the boron atoms are on top of the hexagon centers has the maximal energy among all boron nitride stackings for the layers aligned in the opposite directions. The saddlepoint stacking SP' corresponding to the barrier to relative sliding of the layers aligned in the opposite directions can be found by shifting the layers along the straight line corresponding to the transition between the AB1' and AA' stackings.
Almost all the considered functionals agree that the energies of the AA', AB1' and AB stackings of boron nitride layers are rather close and differ only by several meV/atom (Tables 3 and 5 ). However, the order of stability of these structures varies depending on the approach, which is supported by the literature data [47, 53, 64, 88, 93, 97] . While the experimental studies [79] , RPA [53] and LMP2 [64] results and DFT calculations with account of nonlocal many-body dispersion (MBD) [122] suggest that the ground state of boron nitride corresponds to the AA' stacking, the most favourable stacking according to the PBE-D2 and PBE-D3(BJ) functionals is AB. The PBE-TS, PBE-TS/HI and PBE-TS+SCS functionals predict that both the AB1' and AB stackings are lower in energy than Relative deviation (in %) of the characteristics of the potential energy surface of hexagonal boron nitride bilayer calculated using different vdW-corrected exchange-correlation functionals at the equilibrium interlayer distance from the LMP2 data [64] : (squares) Table 3 ).
the AA stacking in boron nitride bulk (Table 5 ). For boron nitride bilayer, the PBE-TS functional gives the similar result, the PBE-TS/HI shows the preference of the AB stacking over the AA' stacking, while according to the PBE-TS+SCS functional, the SP' and AB1' stackings strangely coincide and have the clearly overestimated relative energy of ∆E AB1 = E AB1 − E AA = 8.6 meV/atom (Table 3).
The only considered functionals that correctly describe the ground state of boron nitride are PBE-D3 and vdW-DF2. According to them, the energy difference between the AB and AA' stackings ∆E AB = E AB − E AA is within 0.6 meV/atom, in agreement with the LMP2 [64] and RPA [53] results and the experimental data [115] that both the AA' and AB1' stackings can be observed for boron nitride bilayer. It should be nevertheless noted that the optPBEvdW functional gives the correct order of stackings in energy for boron nitride bilayer, while for bulk the AB stacking is preferred over the AA' stacking only by 0.02 meV/atom, i.e. within the typical error of DFT calculations.
The barrier for transition from the AA' stacking to the AB1' one ∆E SP = E SP − E AA varies for the PBE-D3, PBE-D3(BJ), optPBE-vdW and vdW-DF2 functionals from 2.3 meV/atom to 2.9 meV/atom (Tables 3 and 5 ). The PBE-D2 functional gives remarkably higher values of 4.7 meV/atom and 5.6 meV/atom for boron nitride bilayer and bulk, respectively, while the PBE-TS and PBE-TS/HI functionals predict the smaller values in the 0.6 -1.0 meV/atom range. The PBE-TS+SCS functional provides the similarly small value of 0.7 meV/atom for the bulk material, while the result for bilayer of 8.6 meV/atom is clearly too large. For comparison, the LMP2 method gives the barrier for boron nitride bilayer of 3.4 meV/atom [64] (Fig. 2) . The magnitudes of corrugation of the potential energy surface for boron nitride with the layers aligned in the opposite directions ∆E AB2 = E AB2 − E AA range from 10 meV/atom to 30 meV/atom, similar to the values 7 -44 meV/atom reported in literature for different DFT methods [53, 64, 93, 97] and including the LMP2 [64] and RPA [53] values of about 16 meV/atom and 11 meV/atom, respectively.
Clearly overestimated or underestimated corrugations of the potential energy surfaces obtained using different functionals can be attributed to too small or too large equilibrium interlayer distances. It is known from previous publications [44, 55] that the corrugations of the potential energy surface increase exponentially upon decreasing the interlayer distance d. Using the experimental interlayer distance of d exp = 3.34 Å for graphene and graphite and d exp = 3.30 Å for boron nitride, provides more reasonable values for characteristics of the potential energy surface for all the considered approches except the DFT-TS family.
For graphene and graphite, the barrier ∆E SP and magnitude of corrugation ∆E AA obtained for the experimental interlayer distance using the PBE-D2, PBE-D3, PBE-D3(BJ), optPBE-vdW and vdW-DF2 functionals lie in the narrow ranges from 1.55 meV/atom to 1.65 meV/atom and from 13.7 meV/atom to 14.9 meV/atom, respectively (Tables 1 and 2 ). Therefore, using the equilibrium interlayer distance, the agreement with the estimate of the barrier from the experimental measurements of the shear mode frequency in bilayer, few-layer graphene and graphite of 1.7 meV/atom [51] is improved compared to the results for the equilibrium interlayer distance.
For boron nitride with the layers aligned in the same direction, the barrier ∆E SP and magnitude of corrugation ∆E AA obtained for the experimental interlayer distance using the PBE-D2, PBE-D3, PBE-D3(BJ), optPBE-vdW and vdW-DF2 functionals are 2.03 -2.25 meV/atom and 19.0 -20.0 meV/atom (Tables 3 and 5) , respectively, in better agreement with the LMP2 values of ∼ 2.4 meV/atom and ∼ 20 meV/atom [64] (Fig. 2) . For boron nitride with the layers aligned in the opposite directions at the experimental interlayer distance, the characteristics ∆E AB2 and ∆E SP are 15.9 -17.5 meV/atom and 2.67 -3.90 meV/atom, respectively. These values are also closer to the LMP2 data of 16.1 -16.5 meV/atom and 3.4 meV/atom [64] (Fig. 2) .
Therefore, the use of the experimental interlayer distance for most of the considered functionals improves the description of the potential energy surfaces both for graphite and boron nitride. This, however, does not solve the problem of the wrong ground-state stacking of boron nitride for the PBE-D2, PBE-D3(BJ) and optPBE-vdW functionals (Tables 3 and 5 ). In the case of the PBE-D3 functional the energy of the AB stacking of boron nitride bilayer relative to the AA' stacking also becomes slightly negative at the experimental interlayer distance. The functionals different from PBE, such as rPBE [123] , revPBE [124] and PBEsol [125] , in the pure form or with vdW corrections according to the DFT-D3 or DFT-D3(BJ) methods, suffer from the same deficiency. The use of the hybrid functionals, such as PBE0 [126] , can be a solution (Table 3 , these calculations were performed using the 16 × 24 × 1 k-point grid and the maximum kinetic energy of plane waves of 500 eV). Nevertheless, such functionals are heavy computationally. Among the considered standard functionals, vdW-DF2 is the only one that describes the order of the metastable states of boron nitride at the experimental interlayer distance both for bulk and bilayer. Moreover, using this approach, the relative energies of the AA', AB and AB1' stackings of hexagonal boron nitride are not just qualitatively correct but also quantitatively close to the results of the LMP2 calculations [64] (Tables 3 and 5 , Fig. 2) .
It should also be noted that the characteristics of the potential energy surfaces obtained at the experimental interlayer distances using the PBE-D2, PBE-D3, PBE-D3(BJ), optPBE-vdW and vdW-DF2 functionals are very close to those calculated using the PBE functional without any vdW correction (Tables 1-3 and 5) . This is consistent with previous studies [44, 47, 50, 54, 55, 64] , which suggest that the contribution of van der Waals interaction into the corrugation of the potential energy surface at a given interlayer distance is negligibly small. Similar observations hold also for the rPBE, revPBE and PBEsol functionals (Tables 3 and 5) .
Let us now consider the difference in the characteristics of the potential energy surfaces ∆E AB2 , ∆E SP , ∆E AA and ∆E SP for bilayer (Tables 1 and 3) and bulk (Tables 1  and 5 ) materials. This difference can be associated with the changes in the equilibrium interlayer distance and interaction of non-adjacent layers in the bulk. Taking into account variation of the equilibrium interlayer distance, the differences in the listed properties for the PBE-D2, PBE-D3, PBE-D3(BJ), vdW-DF2 and optPBE-vdW functionals are within 20%. At the experimental interlayer distance only the effect of interaction of non-adjacent layers in the bulk is left and the differences in the characteristics of the potential energy surfaces are within 5%. Therefore, for these approaches, the effect of interaction of non-adjacent layers in bulk on the characteristics of the potential energy surface is much smaller compared to the changes in these characteristics due to variation of the equilibrium interlayer distance.
The much more prominent effect of non-adjacent layers is observed for the DFT-TS family of methods, especially for the DFT-TS+SCS approach, where the potential energy surfaces of boron nitride with the layers aligned in the opposite directions are qualitatively different for the bulk and bilayer materials. As mentioned above, according to this method, the SP' and AB1' stackings of the bilayer coincide and have a very high energy relative to the AA' stacking. Such a remarkable modification of the potential energy surface should be attributed to perculiarities of the screening effects in two-dimensional materials.
Frequencies and elastic properties
While the barrier to relative sliding of the layers and magnitude of the corrugation of the potential energy surfaces are difficult to measure directly, some information on the potential energy surfaces is contained in the available experimental data on the shear modulus C 44 [28-32, 85, 119] and frequency f E of the shear mode E 2g [29, 32, 37-39, 39, 40, 121] . The information describing the change of the binding energy with the interlayer distance corresponds to the modulus C 33 for axial compression [28, 29, 32-36, 39, 85, 120] and frequency f B of the out-ofplane B 1g mode [29, 36-38, 41, 42, 96] . As the reference data in these cases we use the average of the experimental values using that normally the experimental data fall within narrow intervals around the average values (Tables 2, 1 and 6). The error in the experimental measurements related to scatter of the data for graphite is within 9% and 13% for the moduli C 33 [28, 29, [33] [34] [35] [36] and C 44 [28] [29] [30] [31] [32] , respectively, and within 1% and 3% for the frequencies f B [29, [36] [37] [38] 41] and f E [29, 32, [37] [38] [39] [40] , respectively. The errors about 3% and 10% are associated with measurements of the frequencies f B [41, 42] and f E [32, 39] in graphene bilayer. For boron nitride, the experimental data are available only for bulk [85, 96, [119] [120] [121] . The errors related to scatter of the data for the moduli C 44 [85, 119] and C 33 [85, 120] are estimated as 40% and 8%, respectively.
In our calculations, the shear mode frequency f E of bilayer in which the layers slide rigidly in the opposite inplane directions is determined from the curvature ∂ 2 U/∂x 2 of the potential energy surface for in-plane displacements out of a given energy minimum [51] 
where µ = m/2 and m is the average mass of atoms in the layers. In bulk materials, the frequency is additionally multiplied by the factor of √ 2 [51] . To find the curvature of the potential energy surface in-plane displacements up to 0.05 Å are considered along the armchair direction and the obtained energy curve is approximated by a parabola. For boron nitride, the calculations are performed for the AA' and AB stackings, which are very close in energy and can be both observed for bilayer [115] . Since the PBE-TS/HI functional gives the non-parabolic dependences of potential energy on in-plane displacement around the AA' and AB stackings, we do not consider the properties characterizing relative in-plane motion of the layers in this case.
The same curvature ∂ 2 U/∂x 2 of the potential energy surface also determines the shear modulus C 44 , which has the same formula for bilayer and bulk
where σ = 3 √ 3l 2 /4 is the area per atom (l is the bond length) and d is the interlayer distance.
The frequency f B of relative out-of-plane vibrations of the layers and modulus for axial compression C 33 are found by equations similar to eqs. 7 and 8 in which the curvature of the potential energy surface is taken for outof-plane displacements ∂ 2 U/∂z 2 . Out-of-plane displacements up to 0.5% of the equilibrium interlayer distance are considered and the obtained energy curve is approximated by a parabola. The accuracy of description of the elastic moduli and frequencies by different functionals is analyzed in detail in subsection 3.4.
Discussion
Let us first discuss the results of calculations in connection with the available experimental data for graphene bilayer and graphite (Tables 1 and 2 , respectively). Deviations of the physical properties of graphene bilayer and graphite from the reference data obtained by averaging the experimental values are shown in Fig. 3 . It is seen that none of the functionals considered is able to reproduce these data fully. Similar descrepancies in the equilibrium lattice parameters, cohesive energy, interlayer binding energy, bulk modulus, C 33 and C 333 moduli and π z -splitting of graphite were observed previously in Ref. [63] .
The closest agreement with the reference data is achieved for the PBE-D2 approach. The functional gives the magnitude of the binding energy E AB of graphite in the AB stacking at the upper limit of the experimental range ( Table 2 , 40% deviation from the reference value) and overestimates the shear modulus C 44 , modulus C 33 for axial compression and frequencies of relative in-plane f E and out-of-plane f B vibrations in graphene bilayer and graphite by 8-18%. The exaggeration of the characteristics related to in-plane displacement of the layers can be partially attributed to underestimation of the equilibrium interlayer distance d eq by 3.4% and 2.8% in graphite and graphene bilayer, respectively. Though this deviation does not look large, the corrugations of the potential energy surface increase exponentially upon decreasing the interlayer distance d [44, 55] . Therefore, even a small deviation in the equilibrium interlayer distance d eq results in a considerable error in the properties related to in-plane motion of the layers, such as the shear modulus C 44 and shear mode frequency f E . The underestimation of the equilibrium interlayer distance d eq combined with overestimation of the binding energy E AB can be responsible for overestimation of the properties related to out-of-plane motion of the layers including the modulus C 33 for axial compression and the frequency f B of out-of-plane vibrations.
Similar in magnitude deviations from the reference values are observed for the PBE-D3(BJ) functional (Fig. 3) . The main difference from the PBE-D2 approach, however, is that the elastic moduli C 44 and C 33 and frequencies f E and f B are underestimated not overestimated. Such an underestimation for the properties C 44 and f E related to inplane motion of the layers correlates with the overestimation of the equilibrium interlayer distance d eq by 1.1% and 1.8% in graphite and graphene bilayer, respectively.
The PBE-TS functional reproduces very well the equilibrium interlayer distance d eq (within 0.3%, Fig. 3 ) and the properties associated with in-plane relative displacement of the layers, the shear modulus C 44 and shear mode frequency f E , both for graphite and graphene bilayer (within 6%). However, it strongly overestimates the binding energy E AB in graphite (by 105%), frequency f B of relative out-of-plane vibrations and modulus C 33 for axial compression (36% and 83% for graphite, respectively). The PBE-D3, vdW-DF2 and optPBE-vdW functionals noticeably overestimate the equilibrium interlayer distance d eq (by 3-6%, Fig. 3 ). Correspondingly the shear mode frequencies f E and shear modulus C 44 are strongly underestimated (by 20-30% and 40-50%, respectively). Though the binding energy E AB in graphite is within the experimental range (PBE-D3, vdW-DF2) or overestimated (optPBE-vdW), the frequency f B of out-of-plane vibrations and modulus C 33 for axial compression in graphite are underestimated (by 7-20% and 10-33%, respectively).
It is, however, premature to judge about the accuracy of different approaches on the basis of the results only for graphene bilayer and graphite. Indeed the comparison of the calculation results obtained using the PBE-D2 and PBE-TS functionals with the experimental data for hexagonal boron nitride bulk (Fig. 4) gives a picture very different from that for graphite. The equilibrium interlayer distance is much more underestimated by the PBE-D2 approach in boron nitride bulk (6.5%) compared to graphite (3.4%), which results in strongly overestimated properties related both to in-plane and out-of-plane relative motion of boron nitride layers (30-120%). The PBE-TS functional describes better the frequency f B of relative outof-plane vibrations and modulus C 33 for axial compression (4.4% and 28% overestimation, respectively) compared to graphite but fails to reproduce the properties of boron nitride related to in-plane motion of the layers, the shear modulus C 44 and shear mode frequency f E (45% and 29% underestimation, respectively). Similar errors are observed in the properties characterizing relative inplane motion of the layers for the PBE-TS+SCS functional, while evaluation of these quantities using the PBE-TS/HI functional is complicated by the non-parabolic dependences of interlayer interaction energy on displacement around the AA' and AB stackings.
The PBE-D3, PBE-D3(BJ), optPBE-vdW and vdW-DF2 functionals give more consistent results in the calculations for graphite and boron nitride (Fig. 4) . There is even some improvement for boron nitride. The closer approximation of the interlayer distance by these approaches in boron nitride relative to graphite is accompanied by the improved accuracy in the frequencies and moduli related both to in-plane and out-of-plane relative motion of the layers.
Based on the data both for graphite and boron nitride it can be concluded that the best description of the properties of the AB and AA' stackings, respectively, which are known to be the ground-state ones from the experimental studies, is provided by the PBE-D3(BJ) functional (Figs. 3 and 4) . However, as discussed in subsection 3.2, this approach along with PBE-D2, PBE-TS, PBE-TS/HI, PBE-TS+SCS and optPBE-vdW fails to predict the correct order in energy for the AA', AB1' and AB stackings of boron nitride. The functionals that adequately describe the relative stability of these metastable stackings, PBE-D3 and vdW-DF2, are comparable in accuracy (Figs. 3  and 4) . The PBE-D3 functional is somewhat more precise in the properties associated with in-plane motion of the layers, the shear mode frequency f E and shear modulus C 44 , while the vdW-DF2 approach gives better results for the properties associated with out-of-plane motion of the layers, the frequency f B of relative out-of-plane vibrations and modulus C 33 for axial compression.
Considering only the latter group of properties, the results closest to the reference experimental data are obtained for three functionals: PBE-D3(BJ), optPBE-vdW and vdW-DF2. However, the use of the vdW-DF2 functional is preferred considering the correct ordering of the metastable states of hexagonal boron nitride in energy.
The comparison of the results obtained using the vdWcorrected functionals for graphene bilayer, graphite and boron nitride (Figs. 3 and 4) with the reference data suggests that the approaches that guess better the equilibrium interlayer distance are more precise for the properties associated with in-plane motion of the layers (Fig. 5) . In fact, using the experimental interlayer distance for the PBE-D2, PBE-D3, PBE-D3(BJ), vdW-DF2 and optPBEvdW functionals improves not only description of the characteristics of the potential energy surface, as discussed in section 3.2, but also of the shear moduli and shear mode frequencies (Tables 1 -6 ).
The data obtained using these methods at the experimental interlayer distance are also very close to the results for the pure PBE functional without corrections for vdW interactions (Tables 1 -6 ). For the latter, the shear mode frequency f E and shear modulus C 44 of graphite calculated at the experimental interlayer distance are 7.7% and 21% below the reference data, respectively (Fig. 3) . For graphene bilayer, the calculated shear mode frequency f E is within the experimental range. For boron nitride, the shear mode frequency f E and shear modulus C 44 calculated at the experimental interlayer distance are 3.5% and 6.3% below the reference data, respectively (Fig. 4) . Therefore, the use of the experimental interlayer distance seems to be appropriate for description of any properties related to in-plane relative displacement of the layers.
Again at the experimental interlayer distance most of the functionals including the pure PBE functional fail to describe the order of the metastable states of boron nitride in energy (Tables 3 and 5 ). Among the standard, i.e. non-hybrid, functionals, the correct relative energies of the metastable states of boron nitride both in the forms of bulk and bilayer are predicted in this case only by the vdW-DF2 functional. Thus this is the most adequate functional for calculations at the experimental interlayer distance.
It should be noted that agreement of the methods from the DFT-D family with the reference experimental data can be improved by readjustment of their semi-empirical parameters for specific materials. For example, the use of the dispersion coefficient C C 6 = 2.389 J · nm 6 /mol and van der Waals radius R C 0 = 0.9728 Å for carbon in the DFT-D2 approach leads to much better description of the properties of graphene bilayer and graphite (see the results for the PBE-D2 corrected functional in Tables 1 and 2 ). In this case the relative deviation of the binding energy E AB of graphite from the reference value is reduced to 16.5%, while the moduli C 44 and C 33 and frequencies f E and f B show the deviations within 6.5% (Fig. 3) .
Conclusions
The DFT calculations of physical properties of bilayer graphene, graphite, bulk and bilayer boron nitride have been performed using different exchange-correlation functionals including corrections for vdW interactions. The performance of the functionals with respect to such experimentally measurable quantities as the equilibrium interlayer distance, binding energy, frequencies of relative inplane and out-of-plane vibrations of the layers, shear modulus and modulus for axial compression has been compared.
It is shown that the best description of the listed properties for the AB stacking of graphene bilayer and graphite and AA' stacking of boron nitride, which are known to be the ground-state ones from the experimental studies, is provided by the PBE-D3(BJ) functional. However, this approach fails to predict the order of the metastable states of boron nitride in energy. With account of this ordering, the best options are the PBE-D3 and vdW-DF2 functionals.
The properties associated with relative out-of-plane motion of the layers, the frequency of relative out-of-plane vibrations and modulus for axial compression, are especially relevant under external load. For these characteristics, the results of the PBE-D3(BJ), optPBE-vdW and vdW-DF2 functionals are the ones closest to the corresponding reference experimental data. The use of the vdW-DF2 functional is again preferred considering the correct ordering of the metastable states of boron nitride in energy.
Significant improvement in the properties related to in-plane relative motion of the layers, shear mode frequency and shear modulus, is achieved when the experimental equilibrium interlayer distance is used. In this case it is also recommended to use the vdW-DF2 functional, which adequately describes energetics of the metastable states of boron nitride. In addition, the use of the experimental equilibrium interlayer distance improves description of the characteristics of the potential energy surfaces, such as the barriers to relative sliding of the layers and magnitudes of corrugation, as compared to the available experimental estimates [51] and LMP2 data [64] . Therefore, such an approach is appropriate when it is needed to study the effects of structural defects or edges on in-plane relative motion or potential energy surfaces of the layers.
In the specific case of graphene and graphite, the PBE-D2 functional is found to work very well. Further improvement is achieved by using for carbon the dispersion coefficient C C 6 = 2.389 J · nm 6 /mol and van der Waals radius R C 0 = 0.9728 Å. As for the comparison of the calculation results for bilayer and bulk materials, it is found that for most of the considered functionals (PBE-D2, PBE-D3, PBE-D3(BJ), optPBE-vdW and vdW-DF2) the interaction of non-adjacent layers in bulk has a much smaller effect on characteristics of the potential energy surface than the variation of the equilibrium interlayer distance.
